
Prompt:

Consider a set of bivariate data {(x1, y1) , (x2, y2) , . . . , (xn, yn)}. Show that
the line that minimizes the total squared error is given by y = âx + b̂ where

â =
n
∑

(xiyi)− (
∑

(xi))(
∑

(yi))

n
∑

(xi)2 − (
∑

(xi))2

and
b̂ = ȳ − âx̄

Derivation:
We will consider the equation E =

∑n
i=1(yi− axi− b)2. In order to minimize

the equation we will take the derivative and then set it equal to zero for each
of the variables, a and b. We will begin by taking the partial derivative with
respect to b:

∂E

∂b
=

n∑
i=1

[2 (yi − axi − b) (−1)] = −2
n∑

i=1

(yi − axi − b) = −2

(
n∑

i=1

yi −
n∑

i=1

axi −
n∑

i=1

b

)

= −2 (nȳ − anx̄− b) = −2n (ȳ − ax̄− b)

Setting ∂E
∂b

= 0 to minimize the error E yields:

0 =
∂E

∂b
= −2n

(
ȳ − âx̄− b̂

)
⇒ 0 = ȳ − âx̄− b̂⇒ b̂ = ȳ − âx̄

.
We have now shown that b̂ = ȳ− âx̄ when the total squared error E is mini-
mized. Now we will take the partial derivative with respect to a:

∂E

∂a
=

n∑
i=1

[2 (yi − axi − b) (−xi)] = −2

(
n∑

i=1

xiyi −
n∑

i=1

ax2
i −

n∑
i=1

bxi

)

= −2

(
n∑

i=1

xiyi − a
n∑

i=1

x2
i − bnx̄

)

Setting ∂E
∂a

= 0 to minimize the error E yields:

0 =
∂E

∂a
= −2

(
n∑

i=1

xiyi − â
n∑

i=1

x2
i − b̂nx̄

)
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Since b̂ = ȳ − âx̄, substitution yields:

0 = −2

(
n∑

i=1

xiyi − â
n∑

i=1

x2
i − (ȳ − âx̄)nx̄

)

⇒ 0 = −2

(
n∑

i=1

xiyi − â
n∑

i=1

x2
i − nx̄ȳ + ânx̄2

)

⇒ 0 =
n∑

i=1

xiyi − â
n∑

i=1

x2
i − n

(∑n
i=1 xi

n

)(∑n
i=1 yi
n

)
+ ân

(∑n
i=1 xi

n

)2

⇒ 0 = n
n∑

i=1

xiyi − ân
n∑

i=1

x2
i −

(
n∑

i=1

xi

)(
n∑

i=1

yi

)
+ â

(
n∑

i=1

xi

)2

⇒ ân
n∑

i=1

x2
i − â

(
n∑

i=1

xi

)2

= n
n∑

i=1

xiyi −
(

n∑
i=1

xi

)(
n∑

i=1

yi

)

⇒ â

n n∑
i=1

x2
i −

(
n∑

i=1

xi

)2
 = n

n∑
i=1

xiyi −
(

n∑
i=1

xi

)(
n∑

i=1

yi

)

⇒ â =
n
∑n

i=1 xiyi − (
∑n

i=1 xi) (
∑n

i=1 yi)

n
∑n

i=1 x
2
i − (

∑n
i=1 xi)

2

Thus we have shown that â =
n
∑n

i=1
xiyi−(

∑n

i=1
xi)(

∑n

i=1
yi)

n
∑n

i=1
x2
i−(
∑n

i=1
xi)

2 when the total

squared error E is minimized. Therefore, the line that minimizes the total

squared error E is given by y = âx+ b̂ where â =
n
∑n

i=1
xiyi−(

∑n

i=1
xi)(

∑n

i=1
yi)

n
∑n

i=1
x2
i−(
∑n

i=1
xi)

2

and b̂ = ȳ − âx̄.
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